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INTRODUCTION
In [1], van den Dries and Wilkie, motivated by [2], associated to an arbi-
trary nitely generated group G a family of homogeneous, complete, con-
nected and locally connected metric spaces Y R admitting some natural ac-
tions of the group G by isometries. (We describe the van den DriesWilkie
construction in Section 3.) These van den DriesWilkie homomorphisms
lR of G into the isometry groups of spaces Y R make it possible to in-
vestigate the structure of G by consideration of images and kernels of lR.
This approach can be successfully realized in some interesting cases (for ex-
ample, in the case G is a group of near polynomial growth; see [1]). In this
paper we investigate the intersection of kernels of van den DriesWilkie
homomorphisms lR for an arbitrary nitely generated group G, and we
prove that this intersection is a locally nite-by-nilpotent group (see The-
orem 2 below). We deduce this result from a result on groups of so-called
o-automorphisms of graphs (see Theorem 1 below). The last result is geo-
metrical in nature and appears to be of interest in itself.
In this paper, graphs are undirected graphs without loops or multiple
edges. For a graph 0, denote by V 0, E0, and Aut0 the vertex set, the
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edge set, and the automorphism group of 0, respectively. A graph is called
locally nite if the valency of each vertex is nite. For a connected graph 0
and x; y ∈ V 0, we denote by d0x; y the usual distance between x and
y in 0 (i.e., the length of the shortest path from x to y in 0).
Let 0 be a connected graph and g an automorphism of 0. Fix a vertex
x of 0. For any nonnegative integer n, denote by ξg; n the maximum of
d0y; gy as y runs the set of vertices at a distance of at most n from x in
0. Obviously, ξg; n ≤ 2n+ C where C = d0x; gx is independent of n.
In the case ξg; n = on (i.e., ξg; n/n→ 0 as n→∞; this property of g
is independent of the choice of x), g is called an o-automorphism of 0 (see
[3]). For G ≤ Aut0, oG denotes the normal subgroup of G consisting of
all o-automorphisms of 0 contained in G. Thus oAut0 is the set of all
o-automorphisms of 0, and oG = G ∩ oAut0 for G ≤ Aut0.
A group G is called a nite-by-nilpotent group if there exists a nite nor-
mal subgroup N of G such that G/N is a nilpotent group. A group G is a
locally nite-by-nilpotent group if any nitely generated subgroup of G is
nite-by-nilpotent. For any group G, the union of all normal locally nite-
by-nilpotent subgroups of G is a characteristic locally nite-by-nilpotent
subgroup of G called the locally nite-by-nilpotent radical of G. Note that
the locally nite-by-nilpotent radical of a group G coincides with the preim-
age of the locally nilpotent radical under the natural homomorphism of G
onto the factor group of G by the locally nite radical.
In this paper we prove the following result.
Theorem 1. Let G be a group of automorphisms of a connected locally
nite graph 0 such that the stabilizer in G of a vertex of 0 is nite. Then any
nite set of o-automorphisms from G generates a nite-by-nilpotent group; i.e.,
oG is contained in the locally nite-by-nilpotent radical of G.
Let G be an abstract group with a nite generating set M , 1 6∈ M =
M−1. Let 0 be the Cayley graph of G corresponding to M . By denition,
V 0 = G, E0 = g; h  g−1h ∈ M. The action of G on V 0 by
left multiplication is a faithful vertex-transitive action (with trivial vertex
stabilizers) of G on 0 by automorphisms, called the natural action of G
on 0. Denote by oG the set of elements of G which under the natural
action of G on 0 act as o-automorphisms. It is easy to see that the set
oG is independent of M . Thus, oG is a characteristic subgroup of G.
By Theorem 1, oG is a locally nite-by-nilpotent group. The last result
can be reformulated as follows.
Corollary. Let G be a group with a nite generating set M . For any
g ∈ G, denote by gM the length of a shortest word in M ∪M−1 representing
g. Let h be an element of G such that g−1hgM/gM → 0 as g runs through
elements of G and gM → ∞. Then h is contained in the locally nite-by-
nilpotent radical of G.
o-automorphisms of graphs 969
Proposition 3.1 of this paper states that, for an arbitrary nitely gener-
ated group G, the subgroup oG coincides with the intersection of kernels
of van den DriesWilkie homomorphisms lR of G (see Section 3 for de-
nitions). Thus, as an immediate corollary of Theorem 1 and Proposition 3.1,
we have the following result.
Theorem 2. Let G be a nitely generated group. Then the intersection of
kernels of van den DriesWilkie homomorphisms lR of G is contained in the
locally nite-by-nilpotent radical of G.
1. PRELIMINARY RESULTS
The following corollary of [3, Proposition 3.1] is crucial for the proof of
Theorem 1.
Proposition 1.1. Let 0 be a connected locally nite graph and G a non-
trivial nitely generated group of o-automorphisms of 0 such that the stabilizer
in G of a vertex of 0 is nite. Then G has a proper subgroup of nite index.
Proof. For an arbitrary positive integer m, denote by 0m the graph with
the vertex set V 0m = V 0 and the edge set E0m = x; y  0 <
d0x; y ≤ m. Note that Aut0 ≤ Aut0m (we consider Aut0 and Aut0m
as permutation groups on V 0 = V 0m) and G ≤ oAut0m.
Let M be a nite generating set of G, and x ∈ V 0. Then the G-
orbit on V 0 containing x is connected in the graph 0m where m =
maxd0x; gx  g ∈ M. Thus, considering if necessary 0m and G in-
stead of 0 and G, we can assume without loss of generality that G has a
connected orbit on V 0. Now Proposition 1.1 follows from [3, Proposi-
tion 3.1].
Proposition 1.2. [6, Chap. I, Proposition 7]. Let 0 be a con-
nected locally nite graph, G a nitely generated group of o-automor-
phisms of 0 with nite vertex stabilizers, and K a normal subgroup of G such
that G/K is a nite-by-nilpotent group. Then K is nitely generated.
Proof. Without loss of generality we may assume that G/K is a nilpotent
group. Moreover, the induction on the sum of the ranks of the factors of
the upper central series of G/K allows us to restrict attention to the case
where G/K is the innite cyclic group. Thus without loss we assume that
there exists a generating set g0; g1; : : : ; gd of G such that g1; : : : ; gd ∈ K.
Assume that K is not nitely generated. Then there exist g ∈ g1; : : : ; gd
and h ∈ g0; g−10  such that, for any positive integer i, h−i−1ghi+1 6∈ Hi
where Hi is the subgroup of G generated by the set hjgh−j  −i ≤ j ≤ i.
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Fix a vertex x of 0. Since h ∈ G ≤ oAut0, there exists a positive integer
n such that, for any vertex y of 0 with d0x; y > n,
d0y; hy < d0x; y − d0x; hx: (1.1)
Put H = Si≥1Hi and M = u ∈ H  d0x; ux ≤ n. Since the graph 0
is locally nite and the stabilizer of x in the subgroup H of the group G
is nite, the set M is nite. It follows that there exists a positive integer k
such that M ⊆ Hk.
Let u be an arbitrary element of H. If d0x; ux > n, then (1.1) implies
d0x; u−1h−1uhx = d0hux; uhx
≤ d0hux; ux + d0ux; uhx
= d0ux; hux + d0x; hx
< d0x; ux:
Hence for any u ∈ H there exists a positive integer mu such that the com-
mutator · · · u; h · · · ; h of weight mu + 1 maps x to a vertex at distance
at most n from x and, by the choice of k, is contained in Hk.
Thus there exists a positive integer m such that the commutator
· · · h−k−1ghk+1; h · · · ; h




where w1 and w2 are elements of Hk+m, it follows that
h−k−1−mghk+1+m ∈ Hk+m:
This contradicts the choice of g and h. The proof of Proposition 1.2 is
complete.
2. PROOF OF THEOREM 1
In this section we prove Theorem 1. It is convenient to reformulate The-
orem 1 as follows.
Theorem 1′. Let 0 be a connected locally nite graph and G a nitely
generated group of o-automorphisms of 0 such that the stabilizer in G of a
vertex of 0 is nite. Then G is a nite-by-nilpotent group.
Assume Theorem 1′ is false.
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Lemma 1. There exist 0 and G forming a counterexample to Theorem 1′
and such that for any 1 6= KÅG the group G/K is nite-by-nilpotent.
Proof. Let a graph 1 and a group H form a counterexample to Theorem
1′. Consider the set N = N  N ÅH and H/N is not nite-by-nilpotent
with the natural partial order ≤. Note that the trivial subgroup of H is
contained in N . Let L be an arbitrary totally ordered subset of N . Denote
by L the subgroup of H generated by all elements of L . Suppose L 6∈ N .
Then L is nitely generated by Proposition 1.2. It follows that L ∈ L ⊆ N ,
a contradiction. Thus L ∈ N . Hence any totally ordered subset of N has an
upper bound in N . By Zorn’s lemma, it follows that there exists a maximal
element N+ of N .
Let 0 be the graph dened as follows. The vertex set of 0 is the set
of N+-orbits on V 1, and, for X;Y ∈ V 0, X;Y ∈ E0 if and only if
X 6= Y and x; y ∈ E1 for some x ∈ X, y ∈ Y . Note that 0 is connected
and locally nite.
Denote by G and Q the image and the kernel of the induced action of
H on V 0, respectively. Obviously, G ≤ Aut0. Moreover, as for any path
X0; : : : ;Xl, l ∈ , in 0 and any x0 ∈ X0 there exists a path x0; : : : ; xl in
1 such that xi ∈ Xi for all 0 ≤ i ≤ l, we have G ≤ oAut0. Since the
stabilizer in H of a vertex of 1 is nite, the stabilizer in G of a vertex of 0
also is nite. In addition the niteness of the stabilizer in H of a vertex of
1 implies that Q contains N+ as a subgroup of nite index. By the choice
of N+, it follows that Q = N+. Thus, by the choice of N+, the graph 0
and the group G form a counterexample to Theorem 1′ such that for any
1 6= KÅG the group G/K is nite-by-nilpotent. The proof of Lemma 1 is
complete.
Lemma 2. Let 0 and G be as in Lemma 1. Then
(1) ZG = 1, and
(2) there is an innite decreasing invariant series S1 > S2 > · · · in G
with
T
i≥1 Si = 1.
Proof. Suppose ZG 6= 1. Then, by hypothesis, G is not a nite-by-
nilpotent group and G/ZG is a nite-by-nilpotent group. However, if
G/ZG is nite-by-nilpotent, then G also is nite-by-nilpotent, a contra-
diction. Thus (1) holds.
Let G = G1 ≥ G2 ≥ · · · be the lower central series of G, and G∞ =T
i≥1Gi.
Assume rst G∞ = 1. Then, since by hypothesis G is not a nilpotent
group, Gi 6= Gi+1 for each positive integer i. Hence (2) holds with Si =
Gi for each positive integer i.
Assume now G∞ 6= 1. Then, by hypothesis, G is not a nite-by-nilpotent
group and G/G∞ is a nite-by-nilpotent group. Hence G∞ is an innite
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nitely generated group by Proposition 1.2. For each positive integer i,
dene Si, a subgroup of nite index of the group G∞, as follows. Set
S1 = G∞. Now suppose that Si−1 has been dened for a positive integer
i − 1. Then, by Proposition 1.1, there exists a proper subgroup of nite
index of the group Si−1. Moreover, since Si−1 is nitely generated, there
exists a proper characteristic subgroup of nite index of the group Si−1,
which we take to be Si.
We see that, for each positive integer i, Si is a normal subgroup of the
group G. Thus we have an innite decreasing invariant series G∞ = S1 >
S2 > · · · in G. Since
T
i≥1 Si is a subgroup of innite index of G∞, the
group G/
T
i≥1 Si is not nite-by-nilpotent. Hence, by hypothesis,
T
i≥1 Si =
1, and (2) holds. The proof of Lemma 2 is complete.
We are now in a position to complete the proof of Theorem 1′. The
following arguments are similar to ones in [3, p. 444].
By Lemmas 1 and 2, there exist 0 and G = g1; : : : ; gd, d a positive
integer, forming a counterexample to Theorem 1′ with the following prop-
erties:
(1) ZG = 1,
(2) there is an innite decreasing invariant series S1 > S2 > · · · in G
with
T
i≥1 Si = 1.
Fix x ∈ V 0 and set
r = maxd0x; gix  1 ≤ i ≤ d:
By G ≤ oAut0, there exists a positive integer n such that
d0y; giy < d0x; y − r 2:1
for any 1 ≤ i ≤ d and any y ∈ V 0 with d0x; y > n. Since the graph 0
is locally nite and the stabilizer in G of x is nite, there are only nitely
many of automorphisms from G mapping x to a vertex at distance at most
n from x. Hence, by (2), there exists a positive integer k such that
d0x; gx > n (2.2)
for any 1 6= g ∈ Sk.
Denote by v an element of Sk with
d0x; vx = mind0x; gx  1 6= g ∈ Sk:
By (2.2), d0x; vx > n. Now, for any 1 ≤ i ≤ d, (2.1) implies
d0x; g−1i v−1givx = d0gix; v−1givx
≤ d0gix; x + d0x; v−1givx
≤ r + d0vx; givx
< d0x; vx:
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Since g−1i v
−1giv ∈ Sk for any 1 ≤ i ≤ d, it follows by the choice of v that
g−1i v
−1giv = 1 for any 1 ≤ i ≤ d. Thus 1 6= v ∈ ZG. But this contradicts
(1). The proof of Theorems 1′ and 1 is complete.
3. THE VAN DEN DRIESWILKIE CONSTRUCTION
In this section we describe the van den DriesWilkie construction of rep-
resentations of a nitely generated group by isometries of metric spaces
associated to the group [1]. More precisely, following [5] we give a more
general construction of representations of a group of automorphisms of a
connected graph by isometries of metric spaces associated to the graph.
The original van den DriesWilkie construction corresponds to the case of
a nitely generated group acting in the natural way on its locally nite Cay-
ley graph. The generalization is rather direct. Our terminology and notation
concerning nonstandard extensions are the same as in [1].
Let U be a nonprincipal ultralter on . Denote by ∗, ∗, V 0∗, and
Aut0∗ the corresponding nonstandard extensions of , , V 0, and
Aut0, respectively. Let R be a positive innite element of ∗. Dene a





























where x is a xed vertex of 0. The set 0R is independent of the choice
of x.



















Set Y R0 = 0R/µR. For any i 7→ xi/U ∈ 0R, denote by i 7→
xi/UµR the element of Y R0 containing i 7→ xi/U .
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(where st is the standard-part map) is independent of the choice of i 7→





0 →  by
d















∈ a ∈ Y R0 and
i 7→ yi
U
∈ b ∈ Y R0 :
It is easy to see that the function d
R
is a metric on Y R0 . Moreover,
the metric space Y R0 ; d








 1R · i 7→ d0x; gixU is nite
)
;
where x is a xed vertex of 0. The subgroup Aut0R of the group
Aut0∗ is independent of the choice of x.
The map
ϕR: Aut0→ Aut0R;
ϕRg = i 7→ g
U
;
is a monomorphism of the group Aut0 into Aut0R.
The group Aut0R acts on the metric space Y R0 by isometries:
ga = i 7→ gixi
U
µR
for g = i 7→ gi
U
∈ Aut0R; a = i 7→ xi
U
µR ∈ Y R0 :
Denote by ψR this homomorphism of Aut0R into the isometry group
IsomY R0  of Y R0 . Note that ψRAut0R is a transitive subgroup of
IsomY R0  in the case that Aut0 is vertex-transitive.
Now ωR = ψRϕR is a homomorphism of the group Aut0 into
IsomY R0 . For G ≤ Aut0, we call the restriction ωRG the van den
DriesWilkie homomorphism of G corresponding to R. In [1], van den Dries
and Wilkie dened ωRG in the case that G is a nitely generated group
acting in the natural way on its locally nite Cayley graph 0. In this case,
o-automorphisms of graphs 975
following [1], we denote the homomorphism ωRG by lR. Besides R, the
homomorphism lR is dependent on the generating set of G dening the
Cayley graph 0. However, if lRM1 and l
R
M2
are the homomorphisms corre-
sponding to different nite generating sets M1 and M2, 1 6∈ Mt = M−1t for




Remark. 0R, µR, Y R0 , d
R
, ϕR, ψR, ωR do not change if we re-
place R by its integer part R in their denitions. Thus without loss of
generality we may assume in the above that R is a positive innite element
of the nonstandard extension ∗ of .
Proposition 3.1. [6, Chap. II, Proposition 1]. Let 0 be a connected
graph and G ≤ Aut0. Then the group oG coincides with the intersection,
by all positive innite elements R of ∗, of kernels of van den DriesWilkie
homomorphisms ωRG of G.
Proof. It is easily seen from denitions that oAut0 ≤ ker ωR for
any positive innite element R of ∗. On the other hand, suppose g ∈
Aut0 \ oAut0. Then, for some positive real number γ, there exist vertices
x and xi, i ∈ , of 0 such that d0x; xi+1 > d0x; xi and d0xi; gxi ≥
γ · d0x; xi for all i ∈ . Denote by R the positive innite element i 7→
d0x; xi/U of ∗. Then i 7→ xi/U ∈ 0R. The distance in Y R0 between










Thus g 6∈ ker ωR. The proof is complete.
4. FINAL COMMENTS
1. In this paper, taking into account an application to kernels of
van den DriesWilkie homomorphisms lR we are especially interested in
o-automorphisms in a group which acts in the natural way on its locally
nite Cayley graph. In this connection the hypothesis of Theorem 1 is nat-
ural. It is easy to see that Theorem 1 is no longer true for groups with
innite vertex stabilizers. In [3], the case of a connected locally nite graph
admitting a vertex-transitive group of o-automorphisms (with nite or in-
nite vertex stabilizers) was investigated. The proof of Theorem 1 is similar
to the proof of this result in [3].
2. Let G be a nitely generated group. By Proposition 3.1, for any
nonprincipal ultralter U on , there exists a countable set Rj  j ∈  of
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positive innite elements of the corresponding nonstandard extension ∗
of  such that
T
j∈ ker l
Rj = oG: (Moreover, by the proof of Propo-
sition 3.1, we can take Rj = i 7→ ri;j/U where ri;j ∈  and ri+1;j > ri;j
for all i; j ∈ .) At the same time, it can be deduced from Theorem and
Remark 1 of [4] that, for any ultralter U , the set Rj  j ∈  cannot be
chosen independently of G.
3. In the above we xed an arbitrary nonprincipal ultralter U on .
Now let i 7→ ri be an increasing sequence of natural numbers, and, for any
nonprincipal ultralter U on , RU = i 7→ ri/U . Then, for an arbitrary
nitely generated group G, the intersection, by all nonprincipal ultralters
U on , of kernels of the homomorphisms lRU  contains oG. It can be
deduced from Theorem and Remark 1 of [4] that this intersection and
oG coincide for any nitely generated group G if and only if there exists
a positive integer c such that ri+1 < cri for all i ∈ .
Let i 7→ ri be an increasing sequence of natural numbers such that ri+1 <
cri for a positive integer c and all i ∈ . By the above, for an arbitrary
nitely generated group G there exists a countable set Uj  j/ ∈  of
nonprincipal ultralters on  with
T
j∈ ker l
Rj = oG where Rj = i 7→
ri/Uj for j ∈ . It can be deduced from Theorem and Remark 1 of [4]
that for any such sequence i 7→ ri the set Uj  j ∈  can not be chosen
independently of G.
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